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Abstract  
 
The general analytical expressions for the thermal radiative and thermodynamic properties of a real-
body are obtained in a finite range of frequencies at different temperatures. The frequency dependence 
of the spectral emissivity is represented as a power series. Stefan-Boltzmann’s law, total energy density, 
number density of photons, Helmholtz free energy density, internal energy density, enthalpy density, 
entropy density, heat capacity at constant volume, pressure, and total emissivity are expressed in terms 
of the polylogarithm functions. The general expressions for the thermal radiative and thermodynamic 
functions are applied for the study of thermal radiation of liquid and solid zirconium carbide.  These 
functions are calculated using experimental data for the frequency dependence of the normal spectral 
emissivity in the visible-near infrared range at the melting (freezing) point. The gaps between the 
thermal radiative and thermodynamic functions of liquid and solid zirconium carbide are observed. The 
general analytical expressions obtained can easily be presented in wavenumber domain. 
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1 Introduction 
 
It is well-known that a knowledge of the spectral emissivity is necessary to measure the true temperature 
of a real-body using non-contact optical devices [1-3]. Therefore, a great number of experimental studies 
have been focused on the measurement of spectral emissivity ),( Tv for various materials [4-19].   
Multiwavelength emissivity models to determine the surface temperature of a real-body were 
proposed in [20, 21]. Two of the most important emissivity models are the following: a) linear 
emissivity model (LEM) [22-26]; and b) log-linear emissivity model (LLE) [27-30]. The true 
temperature of a real-body can be measured using optical multispectral radiation thermometers in 
conjunction with a multiwavelength emissivity model. There are other emissivity models that base on 
fundamental physical principals.  Such models are Maxwell, Hagen-Ruben and Edwards [31, 32].  
A non-contact method for the determination of the true temperature of a real-body from 
“generalized” Wien’s displacement law was proposed in [33-35]. The method was proven on the spectra 
of the thermal radiation of tungsten, tantalum and luminous flames. The accuracy in the determination of 
the steady-state temperature does not fall below 2% in these cases.  
It is important to note that a knowledge of the frequency dependence of the spectral emissivity 
also allows to determine the thermal radiative and thermodynamic properties of a real-body within a 
finite range of frequencies. In [36-38], the thermal radiative and thermodynamic properties of some 
materials have been studied using spectral emissivity data presented in tabular form. These materials 
are: a) the hafnium, zirconium, and titanium carbides; b) ZrB2-SiC-based ultra-high temperature 
ceramics; and c) molybdenum. The Helmholtz free energy density, internal energy density, enthalpy 
density, entropy density, heat capacity at constant volume, pressure, and the total emissivity were 
calculated numerically. 
In [39], it was pointed out that there are several classes of materials and space objects, for which 
the thermal radiative and thermodynamic properties within a finite spectral range of frequencies can be 
described using the polylogarithms functions. This means that the frequency dependence of  T, must 
be represented as a polynomial, for example. Some of these materials and space objects are: a) 
zirconium, uranium, and plutonium carbides at their melting (freezing) points [40, 41]; b) noble metals 
at the melting temperatures [42]; c) Fe, Co, and Ni at the melting points [43]; d) Milky Way and other 
galaxies [44, 45]; etc. It is essential to note that the thermal radiative and thermodynamic properties of 
these real-bodies with continuous spectra emitted in a finite spectral range of frequencies can be 
calculated analytically. 
In this paper, the general analytical expressions for the thermal radiative and thermodynamic 
functions of a real-body are obtained using the frequency dependence of the spectral emissivity in the 
form 



3
)(),(
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i vTaTv . The expressions for the Stefan-Boltzmann law, total energy density, number 
density of photons, Helmholtz free energy density, internal energy density, enthalpy density, entropy 
density, heat capacity at constant volume, total emissivity, and pressure in a finite spectral range of 
frequencies are expressed in terms of the polylogarithm functions. This polylogarithmic representation 
allows us to calculate the thermal radiative and thermodynamic properties of a real-body analytically. 
As an example, a study of the thermal radiative and thermodynamic properties of solid and liquid 
zirconium carbide is performed in detail. These properties are calculated using experimental data for the 
normal spectral emissivity in the spectral range μm900.0μm550.0    at melting (freezing) 
temperature T = 3155 K. 
   
        2.  General relationships for thermal radiative and thermodynamic properties of a real body 
 
The radiant spectral density of a real-body radiation can be presented in the form 
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where    ,T  is the spectral emissivity and  TI ,P   at temperature T  is given by the Planck law [46]:                                  
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Using the expression for the polylogarithm function of zero order [47] (
x
x
x


1
)(Li0 , 1x ), 
Eq. (2) can be written as:  
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Let’s present the frequency dependence of the spectral emissivity of a real-body as a polynomial   
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where ia are the coefficients.   
The total energy density of a real-body radiation in the finite frequency range of the spectrum is 
defined as: 
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Using the relationship between the total energy density Eq. (5) and the total radiation power per unit 
area I
c
I
4
SB  , the Stefan-Boltzmann law in the finite frequency range of the spectrum takes the form 
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 The total emissivity is represented as:  
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is the total energy density of blackbody radiation in the finite frequency range of the spectrum [48]. 
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is the polylogarithm function of the order 4-s [47]. 
According to [46], the number density of photons of a real-body radiation with a photon energy 
from 1hv to 2hv  is represented in the form  
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The free energy density in the finite frequency range of the spectrum is defined as [46]:                                
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The thermodynamic functions of a real-body radiation in a finite range of frequencies are defined by the 
following expressions [46]:   
1) Entropy density 
V
S
s  : 
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2) Heat capacity at constant volume per unit volume
V
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3) Pressure of photons per volume 
V
P
p  : 
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3. Polylogarithmic representation of thermal radiative properties of a real-body 
To compute the total energy density for a given temperature over the finite frequency range of 
the spectrum, it is necessary to compute the integral in Eq. (5). The integral can be integrated by parts to 
give   
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is the polylogarithm function of the order 4+i-s [47]. 
In accordance with Eq. (6), the Stefan-Boltzmann law in the finite frequency range of the 
spectrum takes the form 
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The total radiation power totalI emitted by a heated surface area S of a sample is defined as: 
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In accordance with Eq. (7), Eq. (8), Eq. (16) and Eq. (17), the total emissivity can be presented in the 
form 
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Using Eq. (4) and after computing the integral in Eq. (11), the polylogarithmic representation of the 
number density of photons can be written as:  
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where 
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In conclusion of this paragraph, it is essential to note that the analytical expressions derived above in the 
case of black-body radiation, when 1 and 0 0  aai , take a well-known expressions [48].  
 
 
 
 
 
4. Thermodynamics of a real-body radiation 
 
After computing the integral in Eq. (12), the general expressions for the thermodynamic 
functions of a real-body radiation Eqs. (12) - (15) can be expressed in terms of the polylogarithm 
functions as follows:  
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(2) Entropy density s :              
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(3) Heat capacity at constant volume per volume, Vc  : 
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By definition [46], Tsua  , (where u is the internal energy density), we obtain the analytical 
expression for u   
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where ),( 21 xxA is defined by Eq. (17). 
The enthalpy density h follows from its definition, puh  , giving  
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The Gibbs free energy density g, by definition, is Tsh , thus 
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The chemical potential density
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In conclusion, it should be noted that the obtained analytical expressions for the thermal radiative 
and thermodynamic functions of a real-body radiation in a finite range of frequencies can easily be 
presented in the wavenumber ( v~ ) domain. In this case, we should use the following relationships [49]: 
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Note that using different spectral units produces the same result, because it represents the same physical 
quantity. 
 
  
5. Thermal radiative and thermodynamic properties of liquid and solid zirconium carbide 
 
Now let us consider an example related to the study of thermal radiative and thermodynamic 
properties of liquid and solid zirconium carbide using experimental data for the normal spectral 
emissivity in the visible-near infrared range at melting/freezing temperature.  
It is well-known that the rapid development of space and missile technologies requires ultra-high 
temperature ceramics with the melting temperature up to 4273 K [50, 51]. Zirconium carbide is a good 
candidate material for using it in environments with extreme temperatures. Some application of ZrC are: 
a) nuclear fuel coating in high temperature Generation IV reactors [52]; b) thermal shield in aerospace 
applications [53]; c) solar energy receiver with low emissivity and high absorptivity [54]; etc. Thus, the 
investigation of the thermal radiative and thermodynamic properties of zirconium carbide under extreme 
conditions is a research domain of great interest both for basic science and industrial applications.  
In [41], the radiance spectra of zirconium carbide were measured in the frequency range 
(  PHz)0.545 PHz333.0  v at temperature T = 3155 K during the melting and freezing arrests while 
cooling and heating the samples. The measured normal spectral emissivity of solid and liquid zirconium 
carbide is approximated by the following analytical expression: 
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The gap between the normal spectral emissivity of solid and liquid ZrC is observed in the spectral 
frequency range from  PHz0.545  to PHz333.0 [41]. The normal spectral emissivity of both solid and 
liquid zirconium carbide increase with increasing v.  
Using the general expressions for the thermal radiative and thermodynamic functions of a real-body 
obtained above and Eq. (40), in the case of zirconium carbide, we obtain: 
1. The total energy density in the finite frequency range of the spectrum: 
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2. The total radiation power per unit area in the finite frequency range (Stefan-Boltzmann law): 
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3. Total emissivity: 
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4. Number density of photons with a photon energy from 1hv to 2hv : 
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5. Helmholtz free energy density  a :        
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6. Entropy density s: 
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7. Heat capacity at constant volume per unit volume Vc : 
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The calculated values of thermal radiative and thermodynamic functions of thermal radiation of 
solid and liquid ZrC emitted by a heated surface per unit area of the sample are presented in Table 1.  
Now let us calculate thermal radiative and thermodynamic properties of thermal radiation of 
solid and liquid zirconium carbide emitted by a surface area S of the sample. 
According to [41], the zirconium carbide sample under investigation is a disc about 1 mm thick 
and around 10 mm in diameter. Then, in accordance with Eq. (21), the total radiation power emitted by a 
surface area  S of the liquid and solid ZrC sample are defined as 
                                          Solid ZrC:  ),,( )( 21
SB
Solid
SB
Solidtotal TvvISTI                                                      (67) 
                            Liquid ZrC: ),,( )( 21
SB
Liquid
SB
lLiquidtota TvvISTI   
,                                                (68) 
where ),,( 21
SB
Liquid TvvI  and ),,( 21
SB
Solid TvvI are the total radiation power emitted by a heated surface per 
unit area of the zirconium carbide sample in the finite frequency range. Their values are presented in 
Table 1. 
The surface area S of the zirconium carbide sample can be written as: 
                                          
24-
2
m101.885 
2
 2 





 hd
d
S  .                                               (69) 
Then, in accordance with Eq. (32) and Table 1, we have 
                                       Solid ZrC:   W 10379.7),,(  
2
21
SBSB
Solidtotal  TvvISI                                    (70) 
                           Liquid ZrC: W 10178.9),,(  
2
21
SBSB
al Liquidtot  TvvISI  .                                (71) 
A volume of the ZrC sample under study can be calculated by the following expression:  
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 Then, in accordance with Eq. (18), Eq. (19), and Table 1, the total energy densities of liquid and 
solid zirconium carbide sample in the finite frequency range have the following values:  
                                        Solid ZrC:   J104.102),,( )( 
-9
21Solidtotal  TvvIVTI                                   (73) 
                                        Liquid ZrC: J105.102),,( )( 
-9
21lLiquidtota  TvvIVTI .                               (74) 
The total numbers of photons N  emitted by liquid and solid ZrC in the finite frequency 
range THz 88.2THz 15.0  v at temperature T = 3155 K have the following values: 
                                      Solid ZrC:   
10
Solid 103.486 VnN                                                                (75) 
                                     Liquid ZrC: 
10
Liquid 104.336 VnN  .                                                            (76) 
Now let us calculate the thermodynamic functions of thermal radiation of liquid and solid ZrC 
emitted by a heated surface area S of the sample. Using Eq. (39) and Table 1, for the total free 
energy totalA  , we obtain 
                                     Solid ZrC:    J10-1.367 
-9
Solidtotal  VaA                                                        (77) 
                                     Liquid ZrC: J10-1.701 
-9
lLiquidtota  VaA .                                                     (78) 
In Table 2, the calculated values of thermal radiative and thermodynamic functions of thermal 
radiation of liquid and solid zirconium carbide emitted by a heated surface area S of the sample are 
presented in the finite frequency range from  PHz0.545  to PHz333.0 μm 550.0  at the eutectic melting 
(freezing) temperature T = 3155 K. As it can be clearly seen, the gaps between the thermal radiative and 
thermodynamic functions of liquid and solid zirconium carbide are observed. The existence of these 
gaps indicates that liquid ZrC has probably a more metallic nature than solid ZrC [41]. 
 
6. Conclusions 
In this work, the general analytical expressions for the thermal radiative and thermodynamic 
functions of a real-body are obtained in the finite frequency range using the frequency dependence of the 
normal spectral emissivity in the form of   


m
i
i
ivaT
3
, . In this case, the Stefan-Boltzmann law, total 
energy density, number density of photons, Helmholtz free energy density, enthalpy density, internal 
energy density, entropy density, heat capacity at constant volume, and pressure are expressed in the 
terms of the polylogarithm functions. This polylogarithmic representation allows to calculate the thermal 
radiative and thermodynamic functions analytically.  
The analytical expressions obtained in this work have been applied to the study of thermal 
radiative and thermodynamic properties of solid and liquid zirconium carbide using the experimental 
data for the frequency dependence of the normal spectral emissivity at melting (freezing) point. The 
calculated values of the total radiation power per unit area, total energy density, number density of 
photons, Helmholtz free energy density, enthalpy density, internal energy density, entropy density, heat 
capacity at constant volume, and pressure in a spectral range μm 0.900μm 550.0   at temperature T = 
3155 K are presented in Table 1.  
In Table 2, the thermal radiative and thermodynamic functions of thermal radiation of solid and 
liquid ZrC emitted by a heated surface area  S of the sample are presented. The existence of the gaps 
between the thermal radiative and thermodynamic functions of solid ZrC and that of liquid ZrC in the 
visible range are confirmed.  
In conclusion, it is important to note that there are several classes of materials and space objects 
for which the thermal radiative and thermodynamic properties can be described using polylogarithm 
functions. These real-bodies are: a) luminous flames [31]; b) cobalt, iron, and nickel at the melting 
points [42, 43]; c) the Milky Way and other galaxies [44, 45, 55]; etc. As a result, analytical expressions 
for the thermal radiative and thermodynamic functions of a real-body radiation in various frequency 
ranges at different temperatures can be obtained.  
These and other topics will be points of discussion in subsequent publications. 
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 Quantity 
 
Zirconium Carbide: 
Solid Phase 
 
Zirconium Carbide: 
Liquid Phase 
 
Gaps  
Between  
Liquid and Solid 
Phases 
 TI  ,, 21    
 -3m J  
-2105.223  -2106.496  
 
-2101.273  
 TI  ,, 21
SB    
 -2mW  
6103.915  
 
6104.869  
 
6100.954  
  
 
0.697 0.867 0.170 
a  
 3m J   
-2101.741-   
 
-2102.165-   
 
-2100.424-   
s 
 -13 K m J   
 
-5102.207  -5102.745  
 
-5100.538  
p 
 3m J   
-2101.741  
 
-2102.165  
 
-2100.424  
Vc  
 -13 K m J   
-5106.622  
 
-5108.236  
 
-5101.614  
n  
[m-3] 
17104.439  
 
17105.521  
 
17101.082  
 
Table 1 Calculated values of the thermal radiative and thermodynamic functions of thermal radiation of 
solid and liquid zirconium carbide emitted by a heated surface per unit area of the sample in the finite 
frequency range  PHz0.545 PHz333.0  v at the eutectic temperature 3155 K.   
 
 
 
 
 
 Quantity 
 
Zirconium Carbide: 
Solid Phase 
 
Zirconium Carbide: 
Liquid Phase 
 
Gaps  
Between  
Liquid and Solid  
Phases 
 TI  ,, 21total    
 J  
-9104.102  -9105.102  
 
-9101  
 TI  ,, 21
SB
total    
 W  
2107.379  
 
2109.178  
 
2101.799  
totalA   
 J  
-9101.367-   
 
-9101.701-   
 
-9100.334-   
totalS  
 -1J  K  
 
-12101.733  -12102.156  
 
-12100.423  
totalP  
 J  
-9101.367  
 
-9101.701  
 
-9100.334  
totalV
C  
 -1J  K  
-12105.201  
 
-12106.468  
 
-12101.267  
totalN   
 
10103.486  
 
10104.336  
 
10100.850  
 
Table 2 Calculated values of the thermal radiative and thermodynamic functions of thermal radiation of 
solid and liquid zirconium carbide emitted by a heated surface area S of the sample in the finite 
frequency range  PHz0.545 PHz333.0  v at the eutectic temperature 3155 K.   
 
